Beam model of geometrical nonlinear longitudinal-flexural self-sustained vibrations of nanotube conveying fluid is obtained with account of nonlocal elasticity. The Euler-Bernoulli hypotheses are the basis of this model. The geometrical nonlinear deformations are described by nonlinear relations between strains and displacements. It is assumed, that the amplitudes of the longitudinal and bending vibrations are commensurable. Using variational methods of mechanics, the system of two nonlinear partial differential equations is derived to describe the nanotube self-sustained vibrations. The Galerkin method is applied to obtain the system of nonlinear ordinary differential equations. The harmonic balanced method is used to analyze the monoharmonic vibrations. Then the analysis of the self-sustained vibrations is reduced to the system of the nonlinear algebraic equations with respect to the vibrations amplitudes. The Newton method is used to solve this system of nonlinear algebraic equations. As a result of the simulations, it is determined that the stable self-sustained vibrations originate in the Hopf bifurcation due to stability loss of the trivial equilibrium. These stable vibrations are analyzed, when the fluid velocity is changed. The results of the self-sustained vibrations analysis are shown on the bifurcation diagram. The infinite sequence of the period-doubling bifurcations of the monoharmonic vibrations is observed. The chaotic motions take place after these bifurcations. As a result of the numerical simulations it is determined, that the amplitudes of the longitudinal and flexural vibrations are commensurable. KEY WORDS: longitudinal-flexural self-sustained vibration, sequence of period-doubling bifurcations, chaotic self-sustained vibration, Hopf bifurcation ПОЗДОВЖНІ -ЗГИНАЛЬНІ АВТОКОЛИВАННЯ НАНОТРУБОК ТРАНСПОРТУЮЧИХ РІДИНУ K. Аврамов Національна академія наук України, Інститут проблем машинобудування ім. А.М. Підгорного вул. Д. Пожарського 2/10, Харків 61046, Україна Ураховуючи нелокальну пружність, у статі отримано модель поздовжньо -згинальних автоколивань нанотрубок транспортуючих рідину при геометрично нелінійному деформуванні. Гіпотези Ейлера -Бернуллі є засадами цій моделі. Геометрично нелінійне деформування описується нелінійним зв'язком між деформаціями та переміщеннями нанотрубки. При виведені моделі припускалося, що амплітуди повздовжніх та згинальних коливань сумірні. Використовуючи варіаційні методи механіки, отримано систему двох нелінійних рівнянь у часткових похідних відносно повздовжніх та поперечних переміщень, які описують автоколивання нанотрубок. За допомогою методу Галеркіна отримано систему нелінійних звичайних диференційних рівнянь, які описують автоколивання. Моногармонічні автоколивання досліджуються методом гармонічного балансу. Аналіз автоколивань зводиться до системи нелінійних алгебраїчних рівнянь відносно амплітуд автоколивань. Така система нелінійних рівнянь вирішується за допомогою методу Ньютона. У результаті чисельного модулювання встановлено, що при втраті стійкості тривіального положення рівноваги внаслідок біфуркацій Хопфа виникають стійкі автоколивання, які досліджуються при зміні швидкості руху рідини по нанотрубці. Результати цього аналізу наводяться на біфуркаційній діаграмі. У системі спостерігається нескінчена послідовність біфуркацій подвоєння періоду моно гармонічних автоколивань. Після цій послідовності біфуркацій спостерігаються хаотичні рухи. У результаті чисельного моделювання встановлено, що амплітуди повздовжніх та згинальних коливань сумірні. КЛЮЧЕВЫЕ СЛОВА: поздовжньо-згинні автоколивання, послідовність біфуркацій подвоєння періоду, хаотичні автоколивання, біфуркація Хопфа
MAIN EQUATIONS
The cantilever nanotube conveying fluid is considered (Fig.1) . Following the papers [1, 3, 8] , analysis of the nanotube conveying fluid dynamics is reduced to modeling of very small dimension mechanical pipe vibration. The length of the nanotube is . The mass per unit length and the flexural stiffness are denoted by and respectively. The fluid is moved with constant velocity * . The nanotube is directed lengthwise axis. The nanotube vibrations take place in the plane . The projections of the displacements on the and axes are denoted by and , where is arc length of the nanotube neutral line. The nanotube diameter is significantly less, then its length. Therefore, the Euler-Bernoulli theory is used in the subsequent analysis. Thus, the shear and rotatory inertia are not accounted. The nonlocal elasticity is accounted in the nanotube model [17, 18] . It is assumed, that the strains are small and the displacements are moderate. Then the nanotube performs the geometrically nonlinear vibrations.
The cantilever nanobeam satisfies the following boundary conditions:
where is resultant bending moment; is resultant shear force.
x y
The Hamilton's principle is applied to derive the equations of the nanotube motions. It takes the following form for the cantilever nanotube [19, 20] : * * (2) where is Lagrange function, which has the form: is kinetic energy of the moving fluid; are kinetic and potential energies of the nanotube; are initial and final instances of time; is mass per unit length of the moving fluid; is radius-vector of the end of the nanotube neutral line; is unit tangent vector to the neutral line at . The deformed neutral line of the nanotube is considered. Then its position is described by the radius-vector [14] :
where are unit vectors of the axes . The unit tangential vector to the neutral line takes the form:
The variation of the potential energy of the nanotube is the following:
where is resultant longitudinal force; is longitudinal strain of the neutral line; is curvature of the neutral line. The longitudinal strain takes the form:
The curvature of the neutral line is determined as:
The variation of the potential energy has the form:
The velocity of the nanotube motions is the following:
The variation of the kinetic energy takes the form: (6) The kinetic energy of the moving fluid is considered. The velocity of the moving fluid has the form: * The kinetic energy of the moving fluid is the following: * * *
The variation of the kinetic energy has the form: * * * * * *
Following the variation methods [21] , the equations (8, 7, 6, 5) are substituted into (2) . Then the following system of the partial differential equations is obtained: * * (9) * * (10) The nonlocal elasticity of the nanotube is accounted by the equation [17] : where are stresses and strains; is Young's modulus; is internal characteristic length; is a constant. The resultant longitudinal force and the resultant bending moment are determined as where is nanotube cross section. Strains of the arbitrary point of the nanotube are calculated from the following equation: Then the resultant longitudinal force and resultant bending moment satisfy the following equation: (11) where is cross section inertia moment.
The equations (11) are substituted into the equations (9, 10) . Then the following equations of the nanotube motions are obtained: * * * * * * * * (12) where The resultant longitudinal force and the resultant bending moments (11) are substituted into the nonlinear functions without accounting nonlocal elasticity. As the result, it is obtained: * *
The nonlinear dynamical system (12) is rewritten with respect to the following dimensionless variables and the parameters: * *
where is cross section radius of gyration; is radius of the nanotube middle surface. The system of the partial differential equations (12) with respect to the dimensionless variables and the parameters (13) takes the form: * * * * * * * *
where * * Thus, the system of two partial differential equations is obtained. This system describes the longitudinal-flexural self-sustained vibrations of the nanotube conveying fluid. These self-sustained vibrations occur owing to the instability of the trivial equilibrium of the nanotube. This dynamic instability is described by the system of the linear partial differential equations.
DYNAMIC INSTRABILITY OF EQUILIBRIUM
The trivial equilibrium of the nanotube conveying fluid is analyzed. The flexural vibrations, which are described by the equations (14), can be the origin of the dynamic instability. Note, that the equations of the longitudinal and the flexural vibrations (14) where are the eigenmodes of the longitudinal vibrations.
The system of the nonlinear partial differential equations (14) is transformed to the finite degrees of freedom nonlinear dynamical system to analyze the self-sustained vibrations of the nanotube conveying fluid. Then the expansions (15, 18) are substituted into the equations (14) and the Galerkin technique is applied. The nonlinear finite degrees of freedom dynamical system is obtained in the following form:
( 1 9 ) (20) where the matrixes elements are treated in the previous sections; the values depends on the system parameters.
Thus, the nonlinear dynamical system (19, 20) , which describes the self-sustained vibrations of the nanotube conveying fluid, is derived. The harmonic balanced method [22] is used to study the self-sustained vibrations. Then the vibrations take the form:
Note, that one amplitude parameter from (21) for the autonomous system (19, 20) can be taken equal to zero. For example,
In order to prove this, the motion is rewritten as: . The dynamical system (19, 20) is autonomous. Therefore, the following change of the variable is used . Then the equation is true. The amplitude parameters (21) are merged into the vector of dimension:
Following the harmonic balanced method, the solutions (21) are substituted into the equations (19, 20) and the amplitudes at the same harmonics are equated. As a result, the system of nonlinear algebraic equations is presented in the form: *
The goal of these calculations is to obtain the bifurcation diagrams, which show the dependence of the limit cycles amplitudes on the fluid velocity * . In order to obtain this dependence, the system of the nonlinear algebraic equations (22) is solved numerically for different values of the parameter * .
RESULTS OF NUMERICAL SIMULATIONS
Analysis of equilibrium stability The CNT, which is treated in [2] , is considered to verify the method of dynamic instability calculations. The density of CNT material and the Young modulus are the following:
and . The fluid density is taken as: . The thickness of the nanotube and the radius of the middle surface are and
The nanotube with these parameters is called case I. The origin of the nanotube dynamic instability with the aspect ratio is analyzed. The nonlocal elasticity is not accounted in these calculations . The fluid velocity, when the dynamic instability starts, is called critical. This velocity is denoted by . The dynamical system (16) with 2, 3, 4, 5 and 6 degrees of freedom is analyzed to calculate the fluid critical velocity. The fluid critical velocities are presented in Table 1 . The values of the nanotube aspect ratio are shown in the first column of the Table and the numbers of the system (16) degrees of freedom are presented in the second column of the Table. The fluid critical velocities are shown on the third column. The values of the critical velocities, which are published in the paper [2] , are presented in the fourth column. The relative differences of the critical velocities are calculated as:
Thus, the critical velocities of the nanotubes with the aspect ratio are close for the dynamical systems (16) with degrees of freedom. Moreover, these critical velocities are very close to the data, which are published in [2] . Thus, the convergence of the critical flow velocities is observed, when the number of degrees of freedom is increased. The fluid critical velocities in the nanotube with the aspect ratio are analyzed. The nonlocal elasticity is not taken into account
. The results of the critical fluid velocity calculations are shown in Table 1 . As follows from the Table, the results, which are obtained from 3 6 degrees of freedom dynamical system (16) , and the data from [2] are close. Thus, the convergence of the obtained results is observed. The nanotube with the radius of the middle surface and is considered. The density of the nanotube material, fluid and the Young modulus are equal to the corresponding parameters of the case I. The nanotube with such parameters is called case II. The dynamic instability of this nanotube is analyzed. The results of the critical velocities calculations for the nanotubes with the aspect ratio are presented in Table 2 . The designation of the Tables 1 and 2 columns are the same. The fluid critical velocities, which are obtained from 4 6 degrees of freedom dynamical system (16) , and the ones from the paper [2] are close. The results of the critical velocities calculations for the nanotube with the aspect ratio are shown on Table 2 too. As follows from this Table, 4 6 degrees of freedom are enough to predict the critical fluid velocities. Thus, the convergence of the critical velocities values is obtained, when the number of degrees of freedom is increased. As follows from the numerical analysis, if the fluid velocity * and the critical velocity satisfy the inequality: * , then the dynamic instability of the trivial equilibrium is observed.
Self-sustained vibrations analysis
The geometrical nonlinear longitudinal-flexural self-sustained vibrations of the nanotube are analyzed. The following parameters of the nanotube are used:
where is external radius of the nanotube; is internal radius of nanotube. The dynamic instability of this nanotube is treated at the beginning of this Section. In order to analyze the numerical results, the harmonic approximation of the self-sustained vibrations (21) takes the form: * *
The harmonic balanced method is applied to analyze the self-sustained vibrations of the nanotube. The system of the nonlinear algebraic equations (22) is solved numerically for different values of the fluid motions * . The calculations are performed with of the expansions (15, 18) . Thus, the nonlinear dynamical system consists of five equations (19) and four equations (20) . Therefore, the system of the nonlinear algebraic equations (22) has dimension 27.
As follows from the numerical analysis, the self-sustained vibrations are originated at the fluid critical velocity *
. If the fluid velocity * is increased and passed through the value , the nanotube trivial equilibrium loses stability. The Hopf bifurcation takes place in the point of the stability loss. The limit cycle originates in this point. The data of this limit cycle numerical simulations are treated. The self-sustained vibrations are approximated accurately by K. Avramov one harmonic (21) . The flexural self-sustained vibrations have zero constant part and the longitudinal motions describe the static behavior of the nanotube: * . The convergence of the solution (15) is analyzed. The results of the convergence analysis are presented in Table 3 , where the amplitudes of the self-sustained vibrations * are shown for different values of the fluid motions. As follows from this Table, if the numbers of the  generalized coordinates are increased, the amplitudes of the self-sustained vibrations are decreased quickly. As follows from Table 3 , the following estimation is satisfied: * *
. Thus, the quick convergence of the solutions is observed. Therefore, is enough to obtain the reliable results. The bifurcation diagram of the self-sustained vibrations is shown on Fig. 2 . The stable and unstable motions are shown by solid and dotted curves, respectively. The amplitudes of the vibrations , which are denoted by * , are shown on Fig.2 . The Hopf bifurcation (Fig. 2) is denoted by small circle. The trivial equilibriums are shown on Fig.2 by the lines, which coincide with abscissa axes. This equilibrium is stable at * and it is unstable at * . The solid lines (Fig. 2) shows the stable self-sustained vibrations, which undergo the periodic doubling bifurcation in the point . The direct numerical integrations of the equations (19, 20) are performed to verify the results, which are obtained by the harmonic balanced method. These data are shown on Fig.2 by small triangles. Moreover, the results, which are obtained by the harmonic balanced method and the direct numerical integrations, are close. If the fluid velocity is increased, the self-sustained vibrations frequency is decreased. The dependence of the self-sustained vibrations frequency on the fluid velocity * is shown on Fig.3 . The period-doubling bifurcation is observed in the point (Fig. 2) . Thereafter, the infinite sequence of the period-doubling bifurcations is observed. As a result of this infinite sequence, the chaotic motions originate. The direct numerical integrations of the equations (19, 20) are performed for different values of the flow velocities * to identify this bifurcation sequence. The results of such calculations are shown on Fig.4 , where the phase trajectories on the plane are shown. As follows from this Figure, the single-cycle is observed at * . If the fluid velocity * is increased, the period-doubling bifurcation is observed. Fig.4b shows two-cycle at * . If * is increased, one more period-doubling bifurcation is observed numerically. Four-cycle originates owing to this bifurcation. As a result of the infinite sequence of these bifurcations, the chaotic motions are observed. The Poincare sections are calculated to analyze the self-sustained chaotic vibrations. The intersections of the trajectory with the hypersurface are determined numerically. The Poincare sections of the chaotic self-sustained vibrations at * are shown on Fig.5 . The strange attractor on the planes is shown on this Figure. As an example, Fig.6 shows the chaotic self-sustained vibrations at the fluid velocity * . 
